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Abstract

A new nonlinear near-wall turbulence model is developed on the basis of realizability constraints to predict turbulent flow and

heat transfer in strongly nonequilibrium flows. The linear k–e–fl model of Park and Sung (Fluid Dyn. Res., 20 (1997) 97) is extended

to a nonlinear formulation. The stress–strain relationship is derived from the Cayley–Hamilton theorem in a homogeneous flow.

The ratio of production to dissipation (Pk=e) is employed to solve an algebraic equation of the strain dependent coefficients. A near-

wall treatment is dealt with by reproducing the model coefficients from a modified strain variable. An improved explicit heat flux

model is proposed with the aid of Cayley–Hamilton theorem, which includes the quadratic effects of flow deformations. The near-

wall asymptotic behavior is incorporated by modifying the fk function. Emphasis is placed on the model performance on the

truncated strain terms. The model performance is shown to be generally satisfactory.

� 2002 Elsevier Science Inc. All rights reserved.
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1. Introduction

Near-wall behaviors of velocity and temperature are

of prime importance in predicting accurate momentum

and heat transfer in the vicinity of the wall. Turbulence
quantities close to the wall are strongly anisotropic be-

cause the turbulent velocity fluctuations normal to the

wall are damped by the presence of the wall. It is known

that the linear eddy-viscosity models show some defi-

ciencies in the prediction of the anisotropic character-

istics. These include an inability to capture the normal

stress anisotropy, insufficient sensitivity to the secondary

strains, seriously excessive generation of turbulence at
the impinging regions, and violation of the realizability

at large rates of strain. These deficiencies may be at-

tributed to the fact that the constitutive relation of the

deviatoric Reynolds stress tensor is assumed to be linear

to the local mean strain (Apsley and Leschziner, 1998;

Craft et al., 1996; Gatski and Speziale, 1993; Park and

Sung, 1995; Wallin and Johansson, 2000).

In order to incorporate the anisotropic effects into

turbulence modelings, many versions of the explicit al-

gebraic stress models (EASMs) have been developed by
extending them into a nonlinear fashion of the linear

models (Apsley and Leschziner, 1998; Craft et al., 1996;

Gatski and Speziale, 1993; Park and Sung, 1995; Wallin

and Johansson, 2000). The models are generally ex-

pressed by the quadratic or cubic relations in mean ve-

locity gradients. It is known that the quadratic and cubic

terms contribute to the normal stress anisotropy.

However, the anisotropic characteristics in the near-wall
region have not been well reproduced by these models.

In the present study, a new nonlinear model is developed

on the basis of the linear k–e–fl model of Park and Sung

(1997). The nonlinear formulation is derived from the

Cayley–Hamilton theorem (Pope, 1975) in a homoge-

neous flow. The coefficients of various nonlinear terms

are determined from Schwarz� inequality and realizability

constraints. To resolve the near-wall anisotropy, the
nonlinear terms are modified by additional coefficients
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of the strain variables. These terms behave as a damping

function similar to the low-Reynolds number models. In

order to see the effect of strain dependent terms, the

model performance is examined with the truncated

nonlinear relation. The resulting near-wall behaviors are

then calibrated with the available DNS data. The pre-

sent nonlinear model is validated by predicting several

turbulent flows, e.g. channel, backward-facing step and
impinging jet flows.

On the basis of the nonlinear model, an explicit tur-

bulent heat flux model is derived in the present study. In

general, the turbulent heat transfer is solved with the

Boussinesq approximation. The unknown heat flux is

then calculated by prescribing the value of a constant

turbulent Prandtl number Prt, which satisfies Pope�s
linear principle of scalars in turbulent flows. However,
this approach is not adequate to predict convective heat

transfer in separated and reattaching flows (Rhee and

Sung, 2000). This is because the constant Prt assumption

is no longer applicable to the anisotropy of turbulent

scalar flux. Recently, Rhee and Sung (2000) developed a

nonlinear heat transfer model for turbulent separated

and reattaching flows. However, the effect of large

strains is not fully taken into consideration. In the pre-
sent study, a nonlinear heat flux model is developed

including the effect of large strains. An explicit algebraic

heat flux model (EAHM) is introduced as a function of

the strain rate and vorticity tensor with the Cayley–

Hamilton theorem (Pope, 1975). To secure an accurate

near-wall behavior, a formulation of the thermal dam-

ping function fk is implemented with the wall damping

function fw. The model performance is demonstrated

through comparisons with the data from several well-

documented flows.

2. k–e–fl model

2.1. Governing equations

For an incompressible turbulent flow, the governing

equations can be written in Cartesian tensor notation as

oUi
oxi

¼ 0; ð1Þ

Uj
oUi
oxj

¼ � 1

q
oP
oxi

þ o

oxj
m
oUi
oxj

�
� uiuj

�
; ð2Þ

where Uj and uj are the jth components of the mean and

fluctuating velocities, respectively. P is the mean pres-

sure, q and m are the fluid density and kinematic vis-

cosity. In the k–e–fl model of Park and Sung (1997), the
unknown Reynolds stress �uiuj can be expressed in a

conventional form as

�uiuj ¼ mt
oUi
oxj

�
þ oUj

oxi

�
� 2

3
kdij � sNij ; ð3Þ

mt ¼ Clfl
k2

e
; ð4Þ

Uj
ok
oxj

¼ o

oxj
m

��
þ mt

rk

�
ok
oxj

�
þ Pk � e; ð5Þ

Nomenclature

bij anisotropy tensor, uiuj=2k � dij=3
Cf skin friction coefficient

Cl, Ce1, Ce2 model constants

D jet diameter

ER expansion ratio of backward-facing step

fl, f2, fk model functions

H jet-to-wall distance

Hb height of backward-facing step
k turbulent kinetic energy

kf thermal conductivity

Nu Nusselt number, Nu ¼ hD=kf
Pr Prandtl number, Pr ¼ m=a
Prt turbulent Prandtl number

qw constant surface heat flux

r radial distance

Rt turbulent Reynolds number, k2=me
ReD Reynolds number, ReD ¼ UbD=m
ReH Reynolds number, ReH ¼ UoHb=m
Sij strain rate tensor, Sij ¼ 0:5ðUi;j þ Uj;iÞ
TK Kolmogorov timescale,

ffiffiffiffiffiffiffi
m=e

p

Wij vorticity tensor, Wij ¼ 0:5ðUi;j � Uj;iÞ
St Stanton number, St ¼ qw=ðqCpUoÞ=ðTw� TrefÞ
T mean temperature

Tref reference mean temperature

Tw wall temperature

U mean velocity

Ub jet bulk velocity

Uo reference mean velocity
y wall coordinate

Greeks

at thermal eddy diffusivity

bi coefficients of nonlinear stress–strain relation

dij Kronecker delta

ci coefficients of nonlinear heat flux model
e dissipation rate of turbulent energy

m kinematic molecular viscosity

mt eddy viscosity

sij Reynolds stress, uiuj
h fluctuating temperature
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Uj
oe
oxj

¼ o

oxj
m

��
þ mt

re

�
oe
oxj

�
þ C�

e1Pk
�

� Ce2f2e
�
=T

þ Ce3ð1� fwÞmmt
o2Ui
oxjoxk

� �2

: ð6Þ

In the above, the tensor sNij represents the nonlinear part
of Reynolds stresses: sNij ¼ squadraticij � slinearij or sNij ¼
scubicij � slinearij . The production of turbulent kinetic energy

Pk is defined as Pk � �uiujoUi=oxj. The model function
f2 is expressed as f2 ¼ 1� ð2=9Þ expð�0:33R1=2

t Þ, which
describes the effect of decaying turbulence (Coleman and

Mansour, 1992). The turbulent timescale is defined as

T ¼ ððk=eÞ2 þ 36T 2
KÞ

1=2
(Durbin and Laurence, 1996).

The model constants are set as Cl ¼ 0:09, rk ¼ 1:1, re ¼
1:3, Ce2 ¼ 1:9 and Ce3 ¼ 0:8, respectively. The variations
of the eddy viscosity are allowed by decomposing fl into
two parts, i.e., fl ¼ fl1fl2, where fl1 signifies the effect of
wall-proximity in the near-wall region while fl2 repre-

sents the effect of nonequilibrium away from the wall

(Park and Sung, 1995). The damping function fl1 is

obtained by solving a Helmholtz-type elliptic fw equa-

tion.

fl1 ¼ 1
	

þ fDR�3=4
t



f 2w; ð7Þ

o2fw
oxjoxj

¼ R3=2
t

A2L2
ðfw � 1Þ: ð8Þ

Here, the fD function is defined as fD ¼ 10�
exp½�ðRt=120Þ2
 and L is a turbulence length scale

L ¼ k1:5=e. As close to the wall, L becomes singular. In

order to regularize the length scale, the Kolmogorov

scale is adopted as a lower bound L2 ¼ k3=e2þ 702
ffiffiffiffiffiffiffiffiffi
m3=e

p
(Durbin and Laurence, 1996). Details regarding the

model derivation can be found in Park and Sung (1997).

Note that L is slightly modified from the original version

of Park and Sung (1997) to simplify the model constant

(A ¼ 8:4).
The derivation of fl2 is originated from the Reynolds

stress transport equation in a homogeneous flow with a

local equilibrium state. A general algebraic form of the
anisotropy tensor bij ¼ uiuj=2k � dij=3 is obtained by

employing the model of Speziale et al. (1991),

bij2g ¼ C2

�
� 4

3

�
S�ij þ C3ð � 2Þ bikS�jk

�
þ bjkS�ik

� 2

3
bmnSmndij

�
þ C4ð � 2Þ bikW �

jk

	
þ bjkW �

ik



;

ð9Þ

where S�ij ¼ Sijk=e, W �
ij ¼ Wijk=e and g ¼ C1=2þ Pk=e� 1,

respectively. The model constants C1–C4 are employed

from the evaluation of Gatski and Speziale (1993), i.e.,

C1 ¼ 6:8, C2 ¼ 0:36, C3 ¼ 1:25 and C4 ¼ 0:4. In a matrix

form, Eq. (9) can be written as

b ¼ a1Sþ a2 bS

�
þ Sb� 2

3
fbSgI

�
þ a3 Wbð � bWÞ;

ð10Þ
where the model constants are summarized as a1 ¼
ðC2 � 4=3Þ=2g, a2 ¼ ðC3 � 2Þ=2g and a3 ¼ ðC4 � 2Þ=2g.
f:g Denotes the trace and I is the identity vector. For a

two-dimensional flow, an explicit expression of b is

available in linearly-independent tensors that may be

formed with S and W (Gatski and Speziale, 1993). The

third-order form of algebraic solution is

b ¼ b1Sþ b2 S2

�
� 1

3
fS2gI

�
þ b3 SWð �WSÞ

þ b4 S
2W

�
�WS2

�
þ b5 W2S

�
þ SW2 � fW2gIS

� 2

3
fWSWgI

�
: ð11Þ

To determine the coefficients b1–b5, the substitution of

Eq. (11) into Eq. (10) gives a nonlinear stress–strain

relation. All higher-order tensor combinations are re-
duced with the aid of the Cayley–Hamilton theorem

(Pope, 1975)

b ¼ a1Sþ 1

3
a2b2fS2gSþ 2a3b3fW2gS

þ 2a2b1 S2

�
� 1

3
fS2gI

�
þ a3b1 WSð � SWÞ

þ ða3b2 � a2b3Þ WS2
�

� S2W
�
� a3b3 W2S

�

þ SW2 � fW2gIS� 2

3
fWSWgI

�
: ð12Þ

The model coefficients are determined by comparing it

with Eq. (11).

b1 ¼
a1

1� 2
3
a2
2S�mnS

�
mn þ 2a2

3W �
mnW

�
mn

; b2 ¼ 2a2b1

b3 ¼ �a3b1; b4 ¼ a2b3 � a3b2; b5 ¼ �a3b3: ð13Þ

This constitutes an anisotropic eddy-viscosity model

with the strain-dependent coefficients. As expressed

previously, the coefficients a1 � a3 are dependent on g ¼
C1=2þ Pk=e � 1. It is possible to obtain an explicit so-

lution with a fixed value of g (Gatski and Speziale,

1993). However, g varies depending on the flow condi-

tion. The variation of g needs to be accounted for the

nonlinear stress–strain relation.

In general, Pk=e is expressed as Pk=e ¼ �2fbSg ¼
2b1S

�
mnS

�
mn. From Eq. (13), we get the following relation:

b1 ¼
C0 � g

g2
¼ ~aa1g
g2 þ As

ð14Þ

g3 � C0g2 þ ðAs þ ~aa1g
2Þg � C0As ¼ 0; ð15Þ

where As ¼ ~aa2
3n

2 � ~aa2
2g

2=3 and C0 ¼ C1=2� 1. Here, the

model constants are ~aa1 ¼ a1g, ~aa2 ¼ a2g and ~aa3 ¼ a3g.

T.S. Park et al. / Int. J. Heat and Fluid Flow 24 (2003) 29–40 31



The mean strain rates are defined by S� ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
2S�ijS

�
ij

p
,

W � ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2W �

ij W
�
ij

p
, g ¼ fwS� and n ¼ fwW �. The intro-

duction of fw in the variables g and n is placed on the

fact that the wall-proximity effect in the vicinity of the
wall is significant compared to the strain rate effect.

The above Eq. (15) can be solved in the following.

For a general case, Girimaji (1996) showed that the

cubic equation can produce multiple real roots. A

proper choice is needed among the possible roots.

However, Wallin and Johansson (2000) proposed a

simple procedure similar to that of Girimaji (1996),

which is applied to Eq. (15). The final solution is ob-
tained as

g ¼

C0

3
þ ðP1 þ

ffiffiffiffiffi
P2

p
Þ1=3 þ signðP1 �

ffiffiffiffiffi
P2

p
ÞjP1 �

ffiffiffiffiffi
P2

p
j1=3;

P2 P 0;

C0

3
þ 2ðP 2

1 � P2Þ1=6 cos
1

3
arccos

P1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P 2
1 � P2

p
 ! !

;

P2 < 0:

8>>>>>>><
>>>>>>>:

ð16Þ
Here, P1 and P2 are defined as

P1 ¼ C0

C2
0

27

"
� ðAs þ ~aa1g2Þ

6
þ 1

2

#
;

P2 ¼ P 2
1 � C2

0

9

"
� ðAs þ ~aa1g2Þ

3

#
:

ð17Þ

Note that the variable g is real and positive for all
possible values of S� and W �.

From the linear term in Eq. (11), the damping func-

tion fl2 has the relation as fl2 ¼ �b1=Cl. However, the

coefficient b1 in Eq. (13) is not realizable for an irrota-

tional flow, i.e., W � ¼ 0. This gives an excessive turbu-

lence production in an impinging jet flow. Accordingly,

the damping function fl2 is modified as fl2 ¼ ð15=
3Þð1þ gÞ=ðg2 þ Clg3 þ AsÞ. The model constants are
determined from the model of Speziale et al. (1991):

C0 ¼ 2:4, ~aa1 ¼ �0:48, ~aa2 ¼ �0:375 and ~aa3 ¼ �0:8. To
check the model performance, the behaviors of Clfl2 are
plotted in Fig. 1. The value of Clfl2 can be obtained

from the relation of Pk=e, i.e., Clfl2 ¼ Pk=ðeS�2Þ and

Clfl2 ¼ �2b12=S�. The predicted results are compared

with the DNS data (Lee et al., 1990) and for Pk=e ¼
ðCe2 � 1Þ=ðC�

e1 � 1Þ � 1:89 and Pk=e ¼ 1. The model of
Gatski and Speziale (1993) is adopted for comparison.

For a homogeneous shear flow, the present model pre-

diction is in good agreement with the DNS data. For an

irrotational flow (W � ¼ 0), it is seen that the model of

Gatski and Speziale (1993) departs significantly from the

general behavior, i.e., Clfl2 decreases with increasing S�.
This violates the realizability condition for W � ¼ 0

(Park and Sung, 2001). However, the present model
shows a similar behavior to that of a homogeneous

shear flow.

In general, a constant value of C�
e1 is employed in

many k–e models. It is well known that the variation of

C�
e1 gives a significant influence on the reattachment

length prediction in flows over a backward-facing step

(Park and Sung, 1997). This may be attributed to the

additional production of the dissipation rate by local
anisotropy. In order to incorporate the effect of ro-

tational strains, a new C�
e1 is devised as C�

e1 � 1 þ
ðCe2 � 1Þ=ðPk=eÞ1 (Speziale and Gatski, 1997). Based on

Pk=e � Clfl2S�
2

, C�
e1 is modeled as C�

e1 ¼ 1:42þ Cl=
ð1þ 5fl2g2Þ.

3. Stress–strain relation

Many versions of the EASM have been developed on

the basis of homogeneous turbulent flows in a equilib-

rium state (Apsley and Leschziner, 1998; Craft et al.,

1996; Gatski and Speziale, 1993; Girimaji, 1996; Wallin

and Johansson, 2000). This strategy retains the major

physical behavior from the second-order closure and

keeps the robustness of linear eddy-viscosity models. In
the previous section, we derived a third-order nonlinear

sij in Eq. (11). The nonlinear extension of the �linear� sij
can be summarized as

slinearij ¼ 2
3
kdij � 2kClflS�ij; ð18Þ

squadraticij ¼ slinearij þ kð~bb2 þ ~bb2;wallCwÞ S�ikS
�
kj

�
� 1

3
S�

2

dij

�
ð19Þ

þ kð~bb3 þ ~bb3;wallCwÞ W �
ik S

�
kj

	
� S�ikW �

kj



; ð20Þ

Fig. 1. Behaviors of Clfl2 for a simple shear flow.
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scubicij ¼ squadraticij þ k ~bb4 S
�
ilS

�
lmW

�
mj

	
� W �

il S
�
lmS

�
mj



þ k ~bb5 W �

il W
�
lmS

�
mj

�
þ S�ilW �

lmW
�
mj

þ 0:5S�ijW
�2 � 2

3
IIISdij

�
; ð21Þ

where ~bbi are the model coefficients pertaining to Eq.

(13) and IIIS ¼ S�lmW
�
mnW

�
nl. The wall corrections of the

present ~bbi is restricted to the normal Reynolds stresses

because the linear model gives a good prediction of

Reynolds shear stresses, i.e., Cw ¼ 1 for i ¼ j and

Cw ¼ 0 for i 6¼ j. Away from the wall, the parent model

of the present derivation gives the values of ~bbi. How-

ever, since the wall effect is not included in the pres-

sure–strain correlation, the model is not available in

wall-bounded flows.
To calibrate the model constants, the realizability

constraint is imposed on ~bbi. Here, the near-wall treat-

ment is excluded (fw ¼ 1, ~bb2;wall ¼ ~bb3;wall ¼ 0). For ex-

ample, in a simple shear flow, the Reynolds stress tensor

has the form as

u21=k ¼
2

3
þ ~bb2

S�
2

12
þ ~bb3

S�W �

2
;

u22=k ¼
2

3
þ ~bb2

S�
2

12
� ~bb3

S�W �

2
;

u23=k ¼
2

3
� ~bb2

S�
2

6
;

u1u2=k ¼ �Clfl2S�;

ð22Þ

where S�12 ¼ S�21 ¼ 0:5S�, W �
12 ¼ �W �

21 ¼ 0:5W � and

other terms ¼ 0. The nonnegative condition gives the

realizable range as 06 ~bb2 6 4=ðS�Þ2. The Schwarz� in-
equality yields ~bb3ðS�W �=2Þ6 ðB2 � ðClfl2S�Þ2Þ1=2 and

B ¼ 2=3þ ~bb2S
�2=12. Considering the above realizability

conditions, the following relation is obtained: 06 ~bb2

6 4=ðS�Þ2 and 06 fl2 6 2=ð3ClS�Þ. The realizable range

of ~bb3 is 06 ~bb3 6 ð1� ðClfl2S�Þ 2Þ1=2=ðS�W �=2Þ. These

provide the realizability limits of ~bbi without the wall

corrections.

In a simple shear flow, the near-wall behavior of the
normal Reynolds stress is controlled by ~bb2;wall and
~bb3;wall. From the DNS data (Moser et al., 1999), the

limiting values of b11 and b22 are b11 ¼ B1 � 1=3 and

b22 ¼ �1=3 as y ! 0. Here, B1 is a constant. These

limiting values are not obtained by ~bbi in Eq. (13), be-

cause there are no wall reflection and viscous effects. To

obtain the correct behavior in the near-wall region, ~bbi
should be modified in a way similar to the low Reynolds
number models (Apsley and Leschziner, 1998). The fw
function is used as a blending of the near-wall correc-

tions with the outer-region anisotropies. The modeled

coefficients are obtained as

~bb2 ¼ ClfS1f 2
w;

~bb3 ¼ ClfS2f 2w;

~bb2;wall ¼ ð1� fwÞ2:5SB=Sw;

~bb3;wall ¼ ð1� fwÞð1:8SB=Sw � ~bb3Þ;

~bb4 ¼ �ClðfS1fwÞ2; ~bb5 ¼ ClðfS2fwÞ2;

where fS1 ¼ ð1þ gsfl2Þ=ð1þ 4gs þ 4g2
s Þ, fS2 ¼ ð1 þ

gsfl2Þ=ð1þ gs þ 8g2
s Þ and gs ¼ ClMAXðg; nÞ. To correct

the wall behaviors (yþ 6 100), the modified strain vari-

able Sw is introduced. In the vicinity of the wall, Sw has

to maintain the relation Sw � OðS�2Þ. This is because the
limiting values of b11 and b22 have a nonzero value.
Based on the above behavior, a modified strain variable

Sw is modeled as Sw ¼ 1þ ½MAXðS�;W �Þ
2. In order to

avoid a negative stress, the parameter SB is introduced as

SB ¼ 2SmnSmnð1� dmnÞ=S�
2
. This ensures the realizable

normal stresses in the near-wall region deviated from a

simple shear flow.

To check the realizability of ~bbi, the behaviors of ~bb2

and ~bb3 without the wall corrections (
~bb2;wall ¼ ~bb3;wall ¼ 0)

are examined for a simple shear flow (W � ¼ S�). As can

be seen in Fig. 2, the modeled coefficients lie within the

realizability limitation. Note that the functional forms

of ~bbi have been tuned in a homogeneous flow (fw ¼ 1).

The model validation is checked by showing the an-

isotropy prediction by the present model coefficients.

The model of Craft et al. (1996) is also adopted for

comparison. As shown in Fig. 3, the normal stress

Fig. 2. Behaviors of ~bb2,
~bb3 in the realizable range: 06 ~bb2 6 4=ðS�Þ2 and

06 ~bb3 6 ð1� ðClfl2S�Þ2Þ1=2=ðS�W �=2Þ.
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anisotropies are in good agreement with the experi-

mental (Tavoularis and Corrsin, 1981) and DNS data
(Lee et al., 1990). The model prediction of Craft et al.

(1996) shows an increasing behavior in highly strained

regions (S� P 30). This is attributed to the fact that the

quadratic terms of their nonlinear model increase with

increasing
ffiffiffiffiffi
S�

p
. As expected, the present model satisfies

the realizability limitation well. To look into the roles of
~bb2;wall and

~bb3;wall for a fully developed channel flow, the

near-wall behaviors of Reynolds stresses are displayed in
Fig. 4. The near-wall anisotropies are strongly affected

by ~bb2;wall and
~bb3;wall in the region of yþ 6 100. The pre-

sent model is fully realizable and reproduces the non-

linear relation well in the near-wall region. However, the

wall correction has a minor effect in the range of yþ 6 5.

4. Explicit algebraic heat flux model

The governing equation of mean temperature can be

expressed as

Uj
oT
oxj

¼ o

oxj

m
Pr

oT
oxj

�
� huj

�
: ð23Þ

In a manner similar to the derivation of velocity model, a

nonlinear heat flux model is obtained by employing the

strain-dependent functions. An algebraic heat flux model

satisfies the relation, huiðe=kÞ ¼ �uiujT;j � hujoUi=oxj
(Abe et al., 1996; Rogers et al., 1989; So and Sommer,

1996). This is rewritten by the following notation:

bhi ¼ � 2

3
dij

�
þ 2bij

�
T �
;j � Sh

ij

	
þ W h

ij



bhj; ð24Þ

where bhi ¼ hui=
ffiffiffi
k

p
Tref , Sh

ij ¼ CT2Sijðk=eÞ, W h
ij ¼ CT3-

Wijðk=eÞ and T �
;j ¼ CT1T;jðk1:5=eTrefÞ. Here, CT1 ¼ 1=C1h,

CT2 ¼ ð1� C2h � C3hÞ=C1h and CT3 ¼ ð1� C2h þ C3hÞ=
C1h and C1h � C3h are model constants (Launder, 1988).

From the above equations, the heat flux is expressed

implicitly. To solve the heat flux, an EAHM is derived in

the present study for strongly strained flow. Recently, to

avoid the implicit relation, several models have been

proposed (Abe et al., 1996; Rhee and Sung, 2000;
Rogers et al., 1989; Shabany and Durbin, 1997; So and

Sommer, 1996). In the present study, the quadratic re-

lation of the strain rate and vorticity tensor is developed

to consider the nonlinear heat transfer. Let us assume

hui ¼ f ðuiuj; Sij;Wij; T;i; k; eÞ. Under the assumption, a

matrix form of the explicit solution is obtained,

b� ¼ c1
2

3
I

��
þ 2b

�
þ c2ðSþWÞ

�
T

þ c3ðS2
�

þW2Þ þ c4ðSWþWSÞ
�
T: ð25Þ

From the substitution of Eq. (25) into Eq. (24), we de-

rive an explicit expression which provides a canonical

form of the nonlinear heat flux. The Cayley–Hamilton

theorem (Pope, 1975) is applied to the higher-order

terms,

S3 ¼ ð1=3ÞfS3gIþ ð1=2ÞfS2gIS;
SW2 þWS2 ¼ ð1=2ÞfW2gISþ ð1=2ÞfS2gIW;

W3 ¼ ð1=3ÞfW3gIþ ð1=2ÞfW2gIW;

S2Wþ SWSþWSWþW2S ¼ 0:

ð26Þ

Then, the final coefficients are obtained as

c1 ¼ �1; c3 ¼ �c2; c4 ¼ �c2;

c2I ¼ ð2I=3þ 2bÞ=½I� 0:5ðfS2g þ fW2gÞ
: ð27Þ

It is interesting to find that c2 arrives at the same form as

that of Abe et al. (1996). In the deviated condition from

a simple shear flow (Sh
ijS

h
ij=C

2
T2 6¼ W h

ij W
h
ij =C

2
T3), the coef-

ficient c2 is only affected by the deformation variable

Fig. 3. Predictions of b11, b22 and b33 by turbulence models.

Fig. 4. Comparison of u2
þ
, v2

þ
and w2

þ
with DNS (Moser et al., 1999).
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g�
t ¼ n2

t � g2
t , where gt ¼ ðSh

ijS
h
ijÞ

1=2
and nt ¼ ðW h

ij W
h
ij Þ

1=2
.

The strain dependent variable c2 ¼ 1=ð1þ 0:5g�
t Þ is sin-

gular at g�
t ¼ �2. It is found that c2 ! 1 for g�

t ! 0 and

c2 ! 0 for g�
t ! 1. Based on the regularization proce-

dure developed by Gatski and Speziale (1993), the c2
function can be expressed as c2 ¼ ð1þ g�

t Þ=ð1þ 1:5g�
t Þ.

However, it is also singular at g�
t ¼ �2=3. The c2 func-

tion is simply rewritten by c2 � ð2þ g�
t Þ=ð2þ g�

tþ
0:5g�

t ð2þ g�
t ÞÞ. This equation is modeled as c2 �

ð2þ g�
t Þ=ð2þ n2

s þ g�
t ð1þ g�

t ÞÞ with ns ¼ MAXðn2
t ; g

2
t Þ.

In strongly strained flows, c2 prevents an excessive in-

crease of the strain dependent terms. From the experi-
ment of Tavoularis and Corrsin (1981), the model

constants CT2 and CT3 are optimized as CT2 ¼ 0:2 and

CT3 ¼ 0:12. The present model gives the heat-flux ratio

uh=vh ¼ �6:3 at T;1 6¼ 0 and uh=vh ¼ �1:75 at T;2 6¼ 0.

To see the strain effects, three variations of hui are ex-

amined in the present study on the basis of Eq. (25). The

final explicit heat flux models are summarized as

hui
zeroth ¼ �at

2

3
dij

�
þ 2fwbij

�
T;j; ð28Þ

hui
first ¼ hui

zeroth � aik Sh
km

�
þ W h

km

�
T;m; ð29Þ

hui
second ¼ hui

first � 2aik Sh
klS

h
lm

�
þ W h

klW
h
lm þ Sh

klW
h
lm

þ W h
klS

h
lm

�
T;m; ð30Þ

c2 ¼
fwð2þ g�

t Þ
2þ n2

s þ g�
t ð1þ g�

t Þ
; ð31Þ

where aik ¼ atc2ðuiuk=kÞ. When compared with the pre-

ceding models, the present model includes the quadratic

effects of flow deformation. As addressed in Rhee and

Sung (2000), the nonlinear terms play a dominant role in

predicting the convective heat transfer of complex sep-

arated and reattaching flows. Eq. (25) is similar to their

model, however, their nonlinear terms may give rise to
unrealizable solutions in strongly strained flows. It is

seen that the present c2 has a regular solution depending

on the flow condition. The introduction of fw ensures

that hui
zeroth

is dominant in the near-wall region.

Based on the proposal of Rogers et al. (1989), the

thermal diffusivity is expressed as at ¼ Ckfkmt. The co-

efficient Ck is a function of Rt and Pr. The near-wall

effect of at is incorporated in the fk function. It is known
that the near-wall asymptotic behavior is derived as

�vh � y3 and oT =oy � y0. To satisfy the asymptotic

behavior, the coefficient Ck and the fk function are

modeled as

fk ¼ ½1� expð�8fwÞ
3; ð32Þ

Ck ¼
2

3
1

�
þ 12:5

R0:5
t

�2

1

�
þ 130

RtPr

��0:25

: ð33Þ

This model satisfies the asymptotic near-wall behavior,
�vh � y3.

5. Results and discussion

Before proceeding further, it is important to ascertain

the reliability and accuracy of the present model. To-
ward this end, we have applied the model to a fully

developed channel flow, for which turbulence quantities

are available from the DNS data (Moser et al., 1999).

Next, the nonlinear effects of the present model are

tested in separated and reattaching flows and strongly

strained impinging jet flows.

5.1. Numerical procedure

The governing equations were discretized using

the hybrid linear and parabolic approximation scheme

with second-order accuracy. A nonstaggered variable

arrangement was adopted with the momentum inter-

polation technique to avoid the pressure–velocity de-

coupling. The coupling between pressure and velocity

was achieved by the SIMPLEC algorithm. The grid
dependency was checked and the solution was acceler-

ated with a multigrid method (Park, 1999). Convergence

was declared when the maximum normalized sum of

absolute residual source over all the computational

nodes was less than 10�4. Details regarding the numer-

ical procedure are compiled in Park and Sung (1997).

5.2. Channel flow

The selected Reynolds number is Res ¼ 395. The

profiles of mean velocity, turbulent kinetic energy, its

dissipation rate and Reynolds stress are displayed in

Fig. 5. For a fully developed channel flow, the stress–

strain relation becomes the linear relation, because the

streamwise gradients are free. The results of the present

model are in good agreement with the DNS data (Moser
et al., 1999). Fig. 6 shows the predicted mean tempera-

ture profile in a fully developed channel flow by using

the present nonlinear heat flux model. A good agree-

ment with the DNS data (Kasagi et al., 1992) is shown

in the mean temperature prediction. However, the pre-

dicted data by using the constant Prt assumption is

slightly underpredicted.

5.3. Backward-facing step flow

In order to look into the present model performance

for separated and reattaching flows, two experimental

data are employed for comparison (Driver and Seegm-

iller, 1985; Eaton and Johnston, 1980). The flow con-

figuration over a backward-facing step is frequently

used for benchmarking the performance of turbulence
models for separated and reattaching flows. The result

of Vogel and Eaton (1985) is also adopted to validate

the thermal field. Fig. 7 shows the distributions of

mean velocity U=Uo and Reynolds stress u2=U 2
o in the
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recirculation region. The prediction of the nonlinear

model is obtained by the present scubicij . No big differ-

ences are shown between two model predictions for

mean velocity. However, the linear model underpredicts

the normal Reynolds stress, whereas the present non-

linear model predicts well. This appears to be a common
feature that the linear stress–strain relation is insensitive

to the nonlinear strain effects in the recirculating region.

Fig. 8 shows the distributions of the wall friction

coefficient Cf downstream of the step. The top wall can

be deflected to impose a pressure gradient on the recir-

culation region, where a is a top-wall deflection angle

(Driver and Seegmiller, 1985). The prediction of Cf

shows a good criterion of the model performance near

the wall region for separated and reattaching flows. This

is closely related to the near-wall characteristics of tur-

bulence models. The linear model slightly overestimates

Cf both in the recirculating region and in the recovery

region, while the present nonlinear model shows an
improved prediction. Compared with the linear model,

the nonlinear model predicts a slightly longer reattach-

Fig. 5. Comparison of the predicted Uþ, kþ, eþ and �uvþ with DNS (Moser et al., 1999).

Fig. 6. Comparison of the predicted Tþ with DNS (Kasagi et al., 1992).

Fig. 7. Comparison of U=Uo and u2=U 2
o with experiment.
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ment length. The calculated reattachment lengths XR=Hb

are summarized in Table 1.

The stress–strain relation is examined with the pre-

sent EAHM. To see the flow model influence on heat

transfer, several model predictions for St are displayed
in Fig. 9. The model performance of the present EAHM

is validated by truncating the higher-order terms in the

stress–strain relation. �linearþ EAHM� denotes that the
standard form of bij ¼ �ClflS�ij is employed (slinearij þ
hui

second
). �quadraticþ EAHM� is that the nonlinear

model is truncated to the quadratic term in the nonlin-

ear model (squadraticij þ hui
second

). When the cubic term

is included, the model prediction is represented by
�cubicþ EAHM�. As shown in Fig. 9, the overprediction

by the linear model is clearly seen in the recirculation

region. The quadratic model slightly overpredicts in the

relaxing region after reattachment. However, the dif-

ference with the present cubic model is negligible. The

nonlinear stress–strain relation gives a meaningful in-

fluence on the wall heat transfer rate.

Comparison is extended to the performance of the
heat flux model, keeping the cubic stress–strain relation.

Fig. 10 shows the predictions for various heat flux

models. Before proceeding, the present heat flux model

is tested with the conventional models. At first, the

constant Prt assumption is employed (Prt ¼ 0:9). The

well-known formula of Kays and Crawford (1993) is

also adopted. The predicted results are displayed in Fig.

10(a), where the present EAHM predicts well with the

experiment. It is seen that the assumption of constant Prt
is no longer applicable to the strongly strained recircu-
lation region. The formula of Kays and Crawford (1993)

is also inappropriate for separated and reattaching

flows. This is attributed to the weak variation of tur-

bulent heat flux depending on the flow condition.

Finally, the strain effect of EAHM is examined

keeping the cubic stress–strain relation. The �nth� means

the order of the strain rate according to Eqs. (28)–(30).

The predicted results in Fig. 10(b) disclose that the

Fig. 8. Comparison of the predicted Cf with experiment.

Table 1

Comparison of XR with experiments

Case ER XR=Hb (exp.) XR=Hb (linear) XR=Hb (nonlinear)

Driver and Seegmiller (a ¼ 0) 1.125 6.26� 0.10 6.21 6.30

Driver and Seegmiller (a ¼ 6) 1.125 8.30� 0.15 8.37 8.87

Eaton and Johnston 1.667 7.95� 0.30 7.90 7.97

Fig. 9. Model comparisons of St with experiment.

Fig. 10. Model comparisons of St with experiment.
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zeroth-order EAHM gives a good agreement with the

experiment. This is because the nonlinear straining effect

of bij is explicitly incorporated into the heat flux

model. As shown in Fig. 10(b), the wall heat transfer of
the first-order EAHM is slightly lower than that of the

zeroth-order EAHM. However, the prediction of the

second-order EAHM lies between them. A closer in-

spection of Figs. 9 and 10 indicates that the straining

effect in EAHM is critical to the constitutive relation of

heat transfer. The contribution of the heat flux to the

modeling is more significant than that of the nonlinear

stress–strain relation.

5.4. Impinging jet flow

An impinging jet flow, despite its relatively simple

geometry, exhibits extremly complex flow characteris-

tics. Among others, the flow in stagnation region is

nearly irrotational and there is a large total strain along

the streamline. To predict the jet impingement accu-
rately, the straining effects should be incorporated into

the turbulence model (Craft et al., 1996; Durbin, 1996;

Park and Sung, 2001). In the previous section, it is ob-

served that the third-order strain terms have no mean-

ingful improvement on the wall heat transfer rate.

Therefore, the prediction of the nonlinear model is ob-

tained by the present squadraticij . The profiles of the nor-

malized mean velocity and Reynolds stress are shown in

Fig. 11. The predicted results are compared with the

experimental data of Cooper et al. (1993). In a global

sense, all predictions are in good agreement with the

experiment. The present model and the model of Craft
et al. (1996) predict well the developing region, where

the stagnation flow is transformed into a radial wall jet.

However, the model of Craft et al. (1996) slightly un-

derpredicts the normal stress. This may be caused by the

fact that the anisotropy of their model is not fully re-

solved in the near-wall region, shown in Fig. 4. On the

contrary, the present model reasonably resolves the

near-wall behavior.
The influence of the truncated EAHM on the pre-

diction of heat transfer is displayed in Fig. 12(a). These

results are compared with the experimental data of Yan

(1993) and the prediction of �linearþ EAHM�. Although

some discrepancies are observed between experiment

and computation, the agreement is generally satisfac-

tory. It is seen that the discrepancy is attenuated in the

downstream of the stagnation region. As shown in Fig.
12(a), the overprediction by the �linearþ zeroth EAHM�
is seen in the stagnation region (r=D6 3). Compared

with the �quadraticþ zeroth EAHM�, this overpredic-

tion is improved by the nonlinear stress–strain relation.

However,the difference between the truncated EAHMs

is negligible, keeping the quadratic stress–strain relation.

This means that if EASM is introduced to the stress–

strain relation, the higher-order strain terms of EAHM
have a small effect on wall heat transfer. This is con-

sistent with the result of a backward-facing step flow. In

Fig. 11. Model comparisons of U=Ub and uu=U2
b with experiment at

H=D ¼ 2 and ReD ¼ 23; 000. Fig. 12. Model comparisons of Nu with experiment.

38 T.S. Park et al. / Int. J. Heat and Fluid Flow 24 (2003) 29–40



order to evaluate the effect of Prt, a constant value of Prt
and the formula of Kays and Crawford (1993) are em-

ployed. As seen Fig. 12(b), the model performances

are marginal. However, the model of �quadratic þ
zeroth EAHM� gives a slightly better agreement with the

experimental data. Fig. 13 shows the model performance

of the present �quadraticþ zeroth EAHM�. The result is
compared with that predicted by the model of Craft et al.

(1996). In the stagnation region, the present model

prediction is better than the prediction by the model of

Craft et al. (1996). Their overprediction may be attrib-

uted to the increasing behavior of anisotropy in the

stagnation region. Examination of the present predic-

tion with the experiment indicates that the anisotropy of

Reynolds stresses is almost constant in the stagnation
region. This suggests that the nonlinearity is small in

the stagnation region. However, as shown in Fig. 2, the

prediction by the model of Craft et al. (1996) exceeds the

realizability limitation of the Reynolds stresses.

To examine the effect of the nozzle-to-wall distance

H=D on heat transfer, several simulations are per-

formed. Fig. 14 shows the stagnation Nu for various

H=D. The standard k–e model overpredicts for all H=D.

As H=D increases, the discrepency is attenuated, i.e., the

effect of H=D is insignificant. However, the prediction by

the present models is in good agreement with the ex-

periment. Comparing with the prediction of the stan-
dard k–e model and the present model, the eddy

viscosity formula shows a important role for the pre-

diction of Nustag. However, the present models show a

similar distribution of Nustag. It is related that the non-

linearity is small in the stagnation region (Yan, 1993).

The highest heat transfer rate is seen at 86H=D6 10.

These data can be useful in designing the heat transfer

device pertinent to impinging jet flows.

6. Conclusions

The k–e–fl model of Park and Sung (1997) has been

extended to a nonlinear formulation for the prediction

of turbulent flow and heat transfer in strongly non-

equilibrium flows. A cubic EASM and a quadratic

EAHM were developed on the basis of realizability

constraints by using the Cayley–Hamilton theorem. In

order to improve the near-wall behavior, the strain de-
pendent coefficients were modified in a way similar to

the general low-Reynolds-number model. To validate

the model performance of the near-wall behavior, the

present EASM was applied to a fully developed channel

flow. The predicted results reproduced the wall behavior

well. For separated and reattaching flows over a back-

ward-facing step, the model performance of the strain

dependent terms was examined with the truncated
EASM and EAHM. It was found that the quadratic

terms of the present EASM are dominant. The predicted

results of EAHM indicated that the straining effect is

critical to the constitutive relation of heat transfer.

When EASM was introduced to the stress–strain rela-

tion, the role of the zeroth-order term was dominant

compared to the first-order and second-order strain

terms of EAHM. The validation of the model perfor-
mance was extended to the heat transfer of impinging

jet. Since the normal stress was almost constant in the

stagnation region, the nonlinearity and the higher-order

strain terms of EAHM had a small effect on heat

transfer. The present EAHM showed a better prediction

than the predictions by Prt ¼ 0:9 and by the formula of

Kays and Crawford. For various the nozzle-to-wall

distance, the stagnation Nu showed the highest value at
86H=D6 10. The thermal characteristics of impinging

jet flow were well captured by the present model.
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